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Abstract An explicit electron dynamics approach has
been used to calculate the nonlinear optical proper-
ties of C60 and its radical anion. An external perturba-
tion, in the form of an oscillating electric field, induces
the time-evolution of the molecular wavefunction. The
time-averaged instantaneous dipole moment of the sys-
tems gives the molecular response to perturbations of
varying field intensities and frequency of oscillation. The
polarizabilities and the second-order hyperpolarizabil-
ties have been calculated and are in good qualitative
agreement with experimentally available data. In line
with previous theoretical and experimental studies, the
nonlinear effect is enhanced for the radical species.

Keywords Time propagation · Nonlinear optical
properties · Fullerenes · Polarizabilities

Introduction

Extended π -electron conjugated systems of carbon
atoms have a number of features that make them appeal-
ing for practical applications, which many traditional,
technologically exploited, inorganic materials do not
have. These include ultrafast response times upon
exposure to the electromagnetic radiation, low dielec-
tric constants, good processability characteristics, and
an enhanced nonlinear optical response, NLO [1,2].
CH-bonds usually have a detrimental effect on NLO
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responses and therefore pure carbon systems, such as
fullerenes, appear good candidates for the exploitation
of nonlinear optical properties. C60, the smallest ful-
lerene produced in sizable quantities, has been inves-
tigated both experimentally and theoretically together
with its higher isomers [3–23]. The various experimen-
tal investigations involved measurements by a variety of
techniques that resulted in a spread of values. Many of
the calculations of the second hyperpolarizability of C60
were based on semiempirical and local density (LDA)
approaches. These calculations also produced a range of
data, which encompasses two orders of magnitude. The
wealth of experimental and theoretical data available for
the NLO properties of C60 makes it an interesting system
to test the application of electron dynamics approaches
for modelling NLO effects. Here, we apply to this prob-
lem an explicit electron dynamics method, where the
time-dependence is built into the perturbed part of the
Hamiltonian operator via an external oscillating elec-
tric field [24]. Application of the electric field induces
electron density flow inside the molecule, which, in turn,
results either in polarization effects or even in electronic
transitions between the molecular orbitals. The method
was recently applied to wavefunctions calculated using
the B3LYP (hybrid) density functional and showed that
a simple 4-electrons molecule, LiH, undergoes popu-
lation inversion between the HOMO and the LUMO
when the electric field is in resonance with the HOMO–
LUMO energy gap. It was also shown that the magni-
tude of the electric field directly affects the rates at which
the charges between the atoms oscillate and the rates at
which the electronic transitions occur. The model also
detected monochromatic and bichromatic multiphoton
transitions in the form of one-, two- and three-photon
transitions, which could be step-wise.



100 Theor Chem Acc (2007) 118:99–106

After presenting the computational scheme for the
calculations, we give an overview of past experimental
and computational results for C60 and compare these
results to our own. All the calculations reported are
microscopic in nature and no attempt is made to turn
them into their macroscopic counterparts.

Computational details

In this work, we model the electron dynamics of C60 sub-
ject to several external electric fields. The time-depen-
dent algorithm employs the propagator proposed by
Allen and coworkers, [25–28] which reads:

�(t + �t) =
(

1 + iH�t
2h

)−1(
1 − iH�t

2h

)
�(t) (1)

where � is the electronic wavefunction; H is the
Hamiltonian matrix, given by the sum of the unper-
turbed molecular Hamiltonian, H0, and the perturbing
Hamiltonian, H′, given by the interaction between the
classical electric field and the molecular dipole moments;
and �t is the timestep, here set to 0.4 atomic units or
0.0098 fs. The nuclear geometry is frozen during the
dynamics and possible electronic transitions, together
with the polarization of the molecule, take place as a
consequence of the application of the external electric
field.

The initial wavefunction �(t = 0) and the Hamilto-
nian H0 are obtained with the Gaussian03 suite of pro-
grams at the B3LYP/6-31G∗ level [29]. The perturbing
Hamiltonian, H′, is the product of the matrix of the
dipole moments in the atomic basis, D, calculated along
the direction of the applied electric field and a sinusoidal
wave of the oscillating external field, F:

H′ (t) = −DF(t) sin (ωt) (2)

where ω is the frequency of the field. The field amplitude,
F, is constant here, but may change in time.

The molecular coefficients are updated at each time
step because of the effect of the external perturbation.
The time evolution of the atomic orbitals coefficients
under the influence of the oscillating field allows us
to monitor the electronic occupations of the molecu-
lar orbitals in time, in terms of the one-electron den-
sity matrix P. At each step, we are able to evaluate the
instantaneous dipole moment of the molecule as:

〈µ(ti)〉 =
∑

α
ZαRα − tr(DP(ti)) (3)

where: Zα and Rα are the nuclear charges and coordi-
nates, D the dipole moment matrix and tr stands for the
trace of the matrix in brackets.

For the analysis, one can write the dipole moment
in terms of polarizability and hyperpolarizabilities as a
function of the field, E:

µi = µ0
i +

∑
j

αi,jEj + 1
2

∑
jk

βijkEjEk

+ 1
6

∑
jkl

γijklEjEkEl + · · · (4)

where i, j, k, l are the Cartesian axes. Calculation of the
dipole moment at several fields, and subsequent inter-
polation of its values give a polynomial function. The
first derivative is proportional to the molecular polar-
izability, whereas the third derivative is proportional to
the second-order hyperpolarizability. Notice that in C60,
both µ0 and β are zero by symmetry and this constrain
must be satisfied when evaluating 〈µ(F)〉.

Alternatively, the introduction of an electric field,
modifies the energy of the system, that can be evalu-
ated at zero field as a Taylor expansion:

E(F) = E +
(

dE
dFα

)
Fa + 1
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4

)
FaFbFcFd

+ · · · (5)

where a, b, c, d are Cartesian axes. Equation 5 is the
basis of the standard quantum chemical approaches,
employed also in the Gaussian program, to calculate
the polarizability, α, the first hyperpolarizability, β, and
the second hyperpolarizability, γ .

Our approach is similar to that proposed by
Schlegel and coworkers [30,31] and does not include
electron correlation and or spin–orbit interaction terms.

Results and discussion

In this work, we simulate the main NLO property of C60,
that is, its second-order hyperpolarizability, γ . Exper-
imentally, γ , is measured by a variety of techniques.
Here, we consider third harmonic generation, THG,
experiments that give γ (−3ω; ω, ω, ω), which is related
to the ability of a molecule to scatter a single photon
with the energy of three incoming photons and degen-
erate four wave mixing, DFWM, experiments that give
γ (−ω; −ω, ω, ω), which is related to holography when
obtained by optical phase conjugation [32].
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Table 1 Experimental C60 third-order optical susceptibility, χ(3) in esu, and calculated second-order hyperpolarizability, γ , in esu

Experimental Calculated

λ(µm) χ(3)×1011 Technique λ(µm) γ ×1034 Technique Method

0.60 22 DFWM6 0 2.041 THG SOS-VEH4

0.63 30 DFWM12 0 0.0495 INDO-TDCPHF6

0.85 1.5 THG17 1.37 0.0504 OKG INDO-TDCPHF6

1.06 0.7 DFWM9 1.37 0.0549 EFISH INDO-TDCPHF6

1.4 THG10 1.37 0.0552 DFWM INDO-TDCPHF6

7.2 THG20 0 0.0239 MNDO-PM37

8.2 THG17 0 0.0159 LDA8

20 THG11 1.064 8.84 DFWM SOS-INDO/S11

1.32 3. THG10 1.91 6.9 DFWM SOS-INDO/S11

6.1 THG17 0 0.07 LDA13

1.50 3.0 THG20 0 0.09 TB14

1.91 0.9 THG10 0 4.58 SOS-CNDO/S22

1.6 EFISH5 0 1.34 SOS-CNDO/S23

3.2 THG17

2.00 3.7 THG20

2.37 0.4 THG10

OKG optical Kerr gate; EFISH electric field induced second harmonic generation

Summary of previous results

Before presenting the results, it is convenient to assess
the experimental and theoretical results known to date
for C60. Table 1 presents such a summary. Notice that
it is not within the scope of this work to investigate
the relation between macroscopic. i.e. experimental, and
microscopic, i.e. calculated, polarizabilities. For sake of
comparison, we can assume that a factor of 1022–1023

relates theory and experiment [33,34].
By inspection of Table 1, several features become

apparent:

(i) the experimental results are scattered,
(ii) the third-order optical susceptibility of C60 is

larger than 10−11 esu,
(iii) the experimental values are better reproduced by

Sum-Over-States, SOS, type of calculations rather
than by the coupled Hartree–Fock approach.

While, there may be various reasons for the inaccuracy
of the methods based on a perturbative expansion of
the energy (perhaps the most likely is connected with
the very low S0–S1 energy gap in fullerenes) the need
for another approach emerges.

C60 radical anion has been less investigated [35,36].
The authors used their experimental data to obtain a
value for the microscopic second hyperpolarizability of
γ (C−

60) = 2.4 × 10−33 esu, which is larger than what
obtained for neutral C60 by up to about an order of
magnitude.

Dipole moment dynamics

Figure 1 provides two illustrative examples of the
dynamics of the dipole moments over ∼6 fs for the
propagation of the electronic wavefunction of C60 upon
switching on the electric field perturbation. The field
intensity was set to 0.005 or to 0.01 atomic units, which
are equal to 0.257 V Å−1 or to 0.514 V Å−1. These values
are substantial and must not be taken as those experi-
enced by the molecule under laser irradiation in the
measurements of the nonlinear optical response. The
range of the fields used in the calculations is related to
the necessity of having a stable third derivative of the
dipole moment as a function of the electric field, µ(F).
In any event, one should notice that the largest value
of the field used here, 0.01 atomic units, is smaller than
what is typical of a variety of applications in practical
devices, such as for instance in field effect transistors,
where the gate generates an electric field that can be
several times larger. As expected, Fig. 1, shows that with
the larger field, on the right, there is a greater molecular
response.

The figure pictorially shows a practical issue that must
be taken into account when calculating <µ>t: owing to
the periodicity of the response, the average value of the
dipole moment, at any given field, must be calculated
over a time that corresponds to a multiple of a 2π rota-
tion of the field. This varies slightly as a function of the
frequency of the field and is not the same for all the
calculations that have been performed. In the cases of
Fig. 1, a 2π rotation is accomplished in slightly more
than 5 fs.
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Fig. 1 Time dependence of the instantaneous dipole moment for
neutral C60. The wavelengths are 1.064 µm (thick line), 1.37 µm
(medium thickness line) and 0.60 µm (thin line). The field intensity
is a 0.005 atomic units equal to 0.257 V Å−1; b 0.01 atomic units
equal to 0.514 V Å−1

Figure 2 shows the instantaneous dipole moment at
the same fields for C60 radical anion. The addition of
an extra electron only weakly affects the instantaneous
response of the dipole moment, although as it becomes
apparent below, such weak variations ultimately results
in a variation of the second order hyperpolarizability.

Field dependent dipole moment

In agreement with the data of Figs. 1 and 2, the curves of
Fig. 3 show that the average dipole moments of the two
species do not differ greatly. For neutral C60, the devi-
ation from linearity is small. The higher terms become
larger when an extra electron is present.

The fittings of the data were carried out selecting two
maximal values for the field. The lower value of 0.257 V
Å−1 eliminates the majority of the higher order terms.
The higher value of 0.514 V Å−1 includes them.

Fig. 2 Time dependence of the instantaneous dipole moment for
radical anionic C60. The wavelengths are 1.064 µm (thick line),
1.37 µm (medium thickness line) and 0.60 µm (thin line). The field
intensity is a 0.005 atomic units equal to 0.257 V Å−1; b 0.01 atomic
units equal to 0.514 V Å−1

Table 2 shows the results. The first term is the polar-
izability, α, the second is the second hyperpolarizability,
γ . The dipole moment is in Debyes so that the units are
[α] = [C2 m2 J−1] and [γ ] = [C4 m4 J−3].

Notice that cgs and MKS electrostatic units also differ
by 4π .

A relatively large number of experimental results are
also available for the polarizability of C60. The calcu-
lated values of polarizability reported in Table 2 range
from 37.3 to 59.6 Å3 (in esu). The corresponding exper-
imental values range from 76.5 to 90.9 Å3, [37–41] while
previous calculations have provided values that range
from 36 to 154 Å3. [42–52]. It should be noticed that
most of the experimental data are obtained in the solid
phase.

The second hyperpolarizability is the cubic compo-
nent of the field-dependent dipole moment. In practice,
a variety of experiments can provide its macroscopic
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Fig. 3 Dipole moment as a function of the electric field. The
wavelengths are 1.064 µm (solid line), at 1.37 µm (dotted line)
and at 0.60 µm (dashed line). a neutral C60; b radical anionic C60

·-

counterpart. Differences arise because of the nature of
the input and output radiation. For instance, in THG
a photon with three times the energy of the incoming
photons is scattered. On the contrary, in DFWM the
scattered photon has the same energy of the interacting
incoming photons. In order to qualitatively account for
these differences, the numerical functions of Fig. 3 were
Fourier-transformed and only the component with the

frequency of the outgoing photon was retained for the
fittings to Eq. 4, where only the linear and cubic terms
are present. Table 3 shows the results of the fittings.

Inspection of the table shows that:

1. The calculated values for neutral C60 are compa-
rable to those obtained by the SOS model, which
is deemed to better reproduce the experimental
results.

2. The field cutoff affects the value of the hyperpo-
larizability. This is in keeping with the experiments.
Indeed, a strong field not only polarizes the mole-
cule but also strips off its electrons.

3. Shorter wavelengths tend to give rise to larger values
of the hyperpolarizability, again in agreement with
experiments since as the wavelength approaches
that of an electronic transition, resonant effects
appear.

4. The second hyperpolarizability of the radical anion
of C60 is larger than that of the neutral species.

The electronic dynamics

Electric field-induced polarization is brought about by
the mixing of the molecular orbitals that the molecule
possesses when the field is switched off. C60 is highly
symmetric and its orbitals are highly degenerate. The
mixing can occur both within a set of degenerate orbi-
tals, which is irrelevant to polarization, or between sets
of orbitals. In order to appraise the inter-orbital contri-
bution, we monitored in time the occupation of four sets
of orbitals, namely the five-fold degenerate HOMO-1,
the fivefold degenerate HOMO, the threefold degen-
erate LUMO, and the threefold degenerate LUMO+1.
In the case of the radical anion, the LUMO was split
between the singly occupied MO, SOMO, and a pair of
LUMOs.

Figures 4 and 5 show the variation in time of the occu-
pancy of the highest occupied and lowest unoccupied
molecular orbitals. For illustrative purposes the field

Table 2 Fittings of the field-dependent dipole moment with a linear and a cubic term

C60
a C60

·−a

α γ R2 α γ R2

0.60 µm 7.95 × 10−39 4.50 × 10−58 0.999 8.74 × 10−39 1.53 × 10−58 0.999
1.064 µm 6.62 × 10−39 3.27 × 10−58 0.997 9.16 × 10−39 2.25 × 10−58 0.998
1.37 µm 6.05 × 10−39 2.18 × 10−58 0.999 7.2 × 10−39 7.08 × 10−58 0.983

The correlation coefficients, R2, are given. [α] = [C2 m2 J−1] and[γ ] = [C4 m4 J−3]. The fittings were obtained with the maximum value
of electric field of 0.514 V Å−1

a Conversion factors. α: 1 atomic unit = 1.64878 ×10−41 C2 m2 J−1 = 1.48186 × 10−25 cm3 (esu or cgs) = 1.862 Å3 (MKS); γ :1 atomic unit
= 6.23538 ×10−65 C4 m4 J−3 = 5.03699 × 10−40 esu
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Table 3 Hyperpolarizabilities in esu for the neutral and the radical anion C60

C60

λ(µm) 0.257 VÅ−1 0.514 VÅ−1

DFWM THG Total DFWM THG Total
0.60 5.46 × 10−33 1.31 × 10−33 0.21 × 10−34 8.51 × 10−33 1.66 × 10−33 4.01 × 10−33

1.064 2.65 × 10−33 1.22 × 10−32 3.62 × 10−33 2.77 × 10−33 4.46 × 10−33 1.21 × 10−33

1.37 2.80 × 10−33 1.12 × 10−33 6.96 × 10−34 4.8 × 10−33 7.03 × 10−33 1.95 × 10−33

C60
·−

0.257 VÅ−1 0.514 VÅ−1

0.60 3.83 × 10−33 3.32 × 10−32 1.28 × 10−32 3.38 × 10−33 3.95 × 10−33 6.30 × 10−33

1.064 3.30 × 10−33 1.38 × 10−32 2.74 × 10−32 2.91 × 10−33 4.70 × 10−33 4.64 × 10−33

1.37 1.05 × 10−32 1.18 × 10−32 1.14 × 10−32 4.85 × 10−34 4.97 × 10−33 1.07 × 10−33

oscillates at 1.064 µm. Resonant effects, that is elec-
tronic transitions, are not present since in no case the
occupancy changes by exactly one unit of occupancy. As
the field increases, orbital mixing increases, and a higher
fraction of electrons move from the degenerate HOMO-
1 and HOMO to the degenerate LUMO and LUMO+1.
In practice, for a twofold increase of the field, the min-
imum value of the occupation of the LUMOs of C60
goes from ∼9.9 to ∼9.4. A similar trend is observed for
the radical anion. Furthermore notice that the variation
of electron occupation is slowly damped in time. This
indicates that the wavefunction of the system evolves
towards a stationary state.

It is instructive to compare Fig. 4 to Fig. 5. As can
be seen in Fig. 3, the perturbed dipole moments of neu-
tral and radical anionic C60 are similar. However, the
occupancies, which are responsible for the actual val-
ues, behave differently. In neutral C60, Fig. 4, HOMO-1,
HOMO, and LUMO contribute similarly to the electron
dynamics, with the LUMO+1 nearly as active. In radi-
cal anionic C60, Fig. 5, the additional electron appears
to be very polarizable. This is likely due to the small
SOMO–LUMO gap. The occupancy of the SOMO var-
ies markedly in time and just before 3 fs plunges to 0.25,
even for the smaller of the two fields discussed here for
illustrative purposes. This extra electron also makes the
HOMO-1 and HOMO harder and less polarizable, while
it lends a softer character to LUMO and LUMO+1. In
short, the model shows that the second-order hyperpo-
larizability of neutral C60 and its radical anion have a
different origin.

Conclusion

An explicit time-dependent model that propagates an
electronic wavefunction in the presence of an electric

Fig. 4 Time dependent occupation of molecular orbitals of neu-
tral C60. The wavelength of the electric field was set to 1.064 µm.
Top thick line for HOMO-1; thin line for HOMO. Bottom thick line
for LUMO; thin line for LUMO+1. a Field intensity 0.257 VÅ−1;
b field intensity 0.514 VÅ−1

field has been extended to calculate the polarizabilities
and is applied to the case of the nonresonant second
hyperpolarizability of C60. The calculations are in line
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Fig. 5 Time dependent occupation of molecular orbitals of radi-
cal anionic C60. The wavelength of the electric field was set to 1.064
µm. Top thick line for HOMO-1; thin line for HOMO (coincident
in the left figure). Bottom thick line for the two LUMOs; very
thick line for the SOMO; thin line for LUMO+1. a Field intensity
0.257 VÅ−1; b field intensity 0.514 VÅ−1

with the more accurate results obtained to date and also
concur with the experiments where the second-order
hyperpolarizability of the radical anion of C60 is larger
than that of the neutral species. The dynamics of the
electron occupancy of the highest occupied and lowest
unoccupied molecular orbitals shows that the variation
of γ when an extra electron is added to the carbon frame
is due to the softness of the SOMO and an additional
softness that is introduced for the LUMOs.
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